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Spatial Linear Instability of Confluent Wake/Boundary Layers

William W. Liou* and Fengjun Liu®
Western Michigan University, Kalamazoo, Michigan 49008

The spatial linear instability of incompressible confluent wake/boundary layers is analyzed. The flow model
adopted is a superposition of the Blasius boundary layer and a wake located above the boundary layer. The
Orr-Sommerfeld equation is solved using a global numerical method for the resulting eigenvalue problem. The
numerical procedure is validated by comparing the present solutions for the instability of the Blasius boundary
layer and for the instability of a wake with published results. For the confluent wake/boundary layers, modes
associated with the boundary layer and the wake, respectively, are identified. The boundary-layer mode is found
to be amplified as the wake approaches the wall. On the other hand, the modes associated with the wake, including
a symmetric mode and an antisymmetric mode, are stabilized by the reduced distance between the wall and the
wake. An unstable mode switching at low frequency is observed where the antisymmetric mode becomes more
unstable than the symmetric mode when the wake velocity defect is high.

I. Introduction

HE linear instability of the boundary layer developed along a

flat plate is a classical problem' in hydrodynamic stability and
hasbeen studied by many authors. The disturbancesobtained by the
solution of the Orr-Sommerfeld equation have been found useful
andreliablein describingmany different fluid flow phenomenasuch
as the initial stage of natural flow transition in the boundary layer®
and the bursting of the streamwise coherent structures in turbulent
boundary layers.?

Possibly just as widely studied as the boundary-layerinstability,
the instability of wake flows is another classical analysis examined
in many reports*~7 Two amplifying modes are often identified, a
symmetric and an antisymmetric mode. For a near wake,’ the sym-
metric mode was found to have a higher spatial growth rate and was
observedin the experiment. An instability analysis of the wakes em-
bedded in a boundary layer was studied by Bajwa® for the modeling
of the presence of particles in bounded and unbounded shear flows.
Absolute instability was found to occur for sufficiently large values
of the centerline wake defect

This study is concerned with the linear instability of conflu-
ent wake/boundary-layerflows. The confluent wake/boundary layer
is among the flow phenomena observed in the complex flowfield
around multielement airfoils. For instance, for a three-element air-
foil the slat and the flap element may be deployed and extended
away from the main element in a landing or a takeoff configura-
tion. The wake generated by a preceding element, such as the slat,
appears above the succeeding element, or the main element. The
interaction of the confluent wake and boundary layer occurs over
a significant portion of the main element. Experiments’~!> have
shown that the confluent wake/boundary layer can exhibit entirely
different behavior, depending on the operating conditions, such as
the Reynolds number and the relative positions between the ele-
ments. This change causes dramatic variation in boundary-layer
transition!®!! and its aerodynamic performance.>"!* There is also
evidencesuggestingthat the physics of the flow in the slat near wake
region above the main element is critical to the flow noise generated
by multielement airfoils.'

Inpartbecauseof the high Reynoldsnumbers,itis difficultand ex-
pensiveto examine experimentallythe flow in detail. Computational
studies based on the Reynolds-averagedNavier-Stokes equations of
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such flows'>!® suggest that the mean or average quantities can be

obtained that agree satisfactorily with measured data.

In this study, the characteristicsof small disturbancesin the con-
fluent near wake and boundary layer are investigated. The flow
model considered consists of a wake located above the Blasius
boundary layer. The base flow velocity profile adopted represents
a reasonable approximation to the measured® and the calculated'
mean velocity profiles in the confluent near-wake/boundary-layer
region over a multielement airfoil. The amplitudes of the dis-
turbances are assumed small such that a linearized form of the
Navier-Stokes equations can be used. A global numerical solution
technique!’~" is appliedin this study. The global method is capable
of predicting the entire eigenvalue spectrum, including the discrete
and the continuous parts, which is important in the current studies.
As will be shown in the results, multiple discrete modes associated
with the boundary layer and wake flow can appear, and a global ap-
proximation is a more desirable method to use than the traditional
local shootingmethod. As aresult, the study establishesa link, based
onalinearanalysis,between the modes for confluent wakes and lam-
inarboundarylayers, which often preceedsthat with transitionaland
turbulent boundary layers in the flow over multielement airfoils.

The Orr-Sommerfeld equation will be briefly derived in the fol-
lowing section. It is followed by a description of the base velocity
profile and the global method of solution.

II. Formulation and Method of Solution

A. Stability Equation

The flow geometry considered is shown in Fig. 1. The two-
dimensional incompressible confluent wake/boundary layer is
described in the Cartesian coordinate system (x*, y*, z*). The in-
stantaneous value of a flow variable ¢o* is decomposed into a time-
independentcomponentdenoted by the upper case and a fluctuation
denoted by a prime. That is,

wr(x*, Y ) = u (T, Y, 2 ) + U (Y)
VT, YT, 2N ) = 0T, YT, 2 )
wr(x*, Yy, 2 ) = wr T, YT, 2 )

p*(x*,y*,z*,t*):p/*(x*,y*,z*,t*) (1)
where u*, v*, and w* are the velocity componentsin the x*, y*, and
z* directions, respectively. Here, p* denotes pressure.

For simplicity, the parallel flow assumption, commonly used in
hydrodynamic stability analyses, is applied. This approximationre-
sultsin the leading-orderproblemin a multiple scale method thatin-
cludes the effects of the slow flow divergence 2° Thus, in the current
analysis, the nonparallel effects are not considered. The continuity
and the momentum equations are nondimensionalizedby using the
displacementthickness of the boundary layer 6* as the length scale
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Fig.1 Flow model.

and the velocity of the freestream u as the velocity scale and lin-
earized about the base flow. Separable solutions are then sought for
the fluctuations in the nondimensional form:

u(y)

u/
v’ v
= ) expli(@x — wt)] 2)

w w(y)

P Py
The u, w, and p variables may be eliminated from the linearized
equations and the Orr-Sommerfeld equation for the cross-stream
velocity perturbation v(y) can be given by

Equation (3) governs the mode shape of wavelike disturbances as-
sociated with the base profile in terms of the streamwise wave
number «, the wave frequency w; and the flow Reynolds number
Re*(=u?_ 6% /v). The boundary conditions for v are

dv
v=—=0 at y=0,00 4)
dy
B. Base Flow Velocity Profiles

The flow model depictedin Fig. 1 consistsof two separateregions
where flow shearing can occur. They are the region near the wall
where the boundary layer develops and the region away from the
wall where the wake generated by an upstream element is located.
The Blasius velocity profile is used for the boundary layer. The wake
profile is defined by

U =1.0—aexp[—0.5(y — h)?] ®)

where a represents the wake velocity defect and / the wake height,
or the distance between the wake and the wall. Equation (5) closely
mimics the measured wake velocity profile’ and is a reasonable
analytical expression to use in the current study. The base flow
velocityis obtained by a superpositionof the Blasius velocity profile
and Eq. (5). A similar superpositionof the velocity profiles has also
been used in the convective stability analysis® of a wake embedded
in the Blasius boundary layer. Care has been taken to ensure that no
discontinuitiesexistin the second derivativeof the resulting velocity
distribution, d*U /dy?.

Equations (3-5) define an eigenvalue problem. In the spatial in-
stability analysis described here, the complex wave number « is the
eigenvalue, and the frequency w is taken to be real. Solutions are
sought as the disturbances develop spatially downstream.

C. Numerical Scheme
The Orr-Sommerfeld equation (3) is integrated numerically us-
ing a global method based on sixth-orderaccuracy finite difference

formulas. The grid node distributionin the physical domain allows
for high node density in the high shear regions near the wall and in
the wake according to

=y +00; ) ©)
where
i — 1 1
9 =2+ —tanh[(s’— - n) (0.5 &@ﬂﬂ
n—1 -y
E=1, n=1

for clustering near y;,
§g=1, =0
for clustering near y, and
£ =2, n=1

for clustering near y; and y,, where y is a clustering coefficient
that ranges between 0 and 1. The discretization of Eq. (3) using
the finite difference method results in a system of homogeneous
equations nonlinear in the parameter o

Dy(ax)v=20 7

The matrix D, is a lambda matrix of degree four?! and can be
expressed as a scalar polynomial with matrix coefficients,

Dy(a) = Coa* + Cra® + Cra? + Cya + Cy 8)

With the inclusion of the boundary conditions, the matrices C are
square matrices of order n, which represents the number of grid
pointsin y. A linear companion matrix method has been used to lin-
earize the lambda matrix. The resulting general eigenvalue problem
becomes

-C, -C, —-C; —C, Cy 0 0 0
I 0 0 0 0 1 00
o I 0 0 “lo o1 0
o o I 0 0 00 I
o
2
x [¥V] =0 ©)
ov
v

Equation (9) can be further transformed to an algebraic eigenvalue
problem seeking the eigenvalues of matrix A:

-c;'c, -c;j'c, ¢j'cy cy'cy

A= I 0 0 0 (10)
0 1 0
0 0 I 0

Theeigenvaluesmay be obtainedby using QR or QZ algorithms.The
detailsof the formulationand the applicationof the linearcompanion
matrix method can be found in Refs. 17, 19, and 21.

The solveris validatedby comparing the eigenvalue with reported
data for the Blasius boundary layer and wakes, respectively. The
results of the code validation and spatial instability calculations for
the model confluent wake/boundary layer are presented in the next
section.

III. Results and Discussion

Table 1 shows a comparisonof the calculated eigenvalue with that
of Jordinson?? for the Blasius boundary layer. The present values
agree well with the data, particularly for cases with a high number of
grid points N. To validate the current numerical solver for the wake
flow, a measured wake profile’ is placed at 1 = 20 and the boundary
layerremoved from the viscous wall. Figure 2 shows a comparisonof
the dispersionrelationship obtained by using the present numerical
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Table 1 Eigenvalues®

N y o
36 0.998 0.308444—i0.005965

41 0.998 0.308599—i0.005662
51 0.998 0.308607—i0.005698
61 0.998 0.308597—i0.005707
71 0.998 0.308592—i0.005707
81 0.997 0.308591-i0.005704
91 0.994 0.308590—i0.005704
101 0.992 0.308590—i0.005704

2Re* =998, w=0.1122, and o =0.3086—i0.0057
(Ref. 22).
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Fig.2 Dispersion relation for wake modes.

solver and that reported for both the symmetric and the antisym-
metric modes, based on the cross-streamvelocity perturbancev. The
results obtained by using the current global method with N =300
agree well with the earlier calculation, which is based on a local
shooting method. The results show that the global numerical solver
used in the current study is accurately capturing the wake and the
boundary-layerinstabilities. In the following, the instability modes
associated with the model confluent wake/boundary-layerflow are
examined.

The flow model used in the present analysis is shown in Fig. 1.
Figure 3 shows the spectrum of the wave speed for the model con-
fluent wake/boundary-layer flow with Re* =998 and w =0.1122.
The wake height & is 20, the width is 4.83, and the wake maximum
velocity defect a is 0.6. For comparison, the wave speed spectrum
for the Blasius boundary layer alone with the same Re* and w is
also included. In addition to the boundary-layermode, two discrete
unstable modes appear in the case of the confluent wake/boundary
layer, which are identified as wake mode 1 and wake mode 2. Modes
1 and 2 correspond to the symmetric and the antisymmetric modes
foundin thelinear stability of the wake flows, respectively. The pres-
ence of the wake above the boundary layer at this height apparently
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Fig. 3 Eigenvalue spectra: & =20, w=0.1122,and a =0.6.
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Fig.4 Neutral curves for boundary-layer mode: a = 0.6 and 7 =7.14.
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Fig. 5 Growth rates for boundary-layer mode: Re* =998 and a = 0.6.

has no significant effects on the continuous part of the eigenvalue
spectrum. In the following, the discrete unstable modes in the con-
fluent wake/boundary layer will be examined in detail because they
are linearly unstable and are likely to be physically observed.

Figure 4 shows the neutral curve of the boundary-layermode with
h=7.14 and a =0.6. The neutral curve for the Blasius boundary
layer? is also included for comparison. The presence of the wake
has resulted in a significant decrease of the critical Reynolds num-
ber. The value is 445 for the present case, compared to 520 for the
Blasius boundary layer. The neutral curve moves up slightly for
all Reynolds numbers, with more significant changes in the high-
frequency range near the critical point. As can be seen from Fig. 5,
which shows the variation of the spatial growth rate —«; with fre-
quency for Re* =998, the neutral frequencies increase as the wake
is broughtcloser to the wall. Figure 5 also shows that the maximum
growth rate of the unstable boundary-layermode increases with the
reduced distance between the wake and the wall.
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Fig. 6 Eigenfunctions for boundary-layer mode: Re* =998 and w =
0.1122.
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Fig. 7 Growth rates for boundary-layer mode: Re* =998 and w =
0.1122.

To examine the effect of /# on the boundary-layermode shape, the
eigenfunctionsfor a frequency of w =0.1122, which roughly corre-
sponds to the most unstable frequency, are calculated, and their real
parts are presentedin Fig. 6. The eigenfunctionshave been normal-
ized by their respective maximum amplitudes. The eigenfunctionof
the boundary-layer mode decays faster away from the wall as the
wakes become situated closer to the wall. The damping effect of
the wake on the eigenfunction of the boundary-layermode is quite
significant in the region above the wake.

The velocity defect of the wake in the model problem is deter-
mined by the value of a, which also determines the shear strength
for a constant wake width. Figure 7 shows the change in the growth
rate of the w = 0.1122 boundary-layermode with the wake velocity
defect and wake height. The growth rate for such a mode in the
Blasius boundary layer, —0.0057, is indicated in Fig. 7. Figure 7
shows that the amplifying effect of the reduced wake height on the
growth rate of the boundary-layermode, as was discussed, becomes
more pronounced as the velocity defect of the wake increases. For
example, when the value of 4 is about 6, there is an increase of
400% for the growth rate for a = 0.8, as compared to about 40% for
a =0.2. Note that the lowest value of the centerline velocity defect
for a Gausian wake profile to exhibit absolute instability is 0.946
(Ref. 6).

In addition to the boundary-layermode, the eigenvalue spectrum
for the confluent wake/boundarylayer, shownin Fig. 3, also contains
two discrete, unstable modes that are directly associated with the
wake. These modes have been identified as wake modes 1 and 2. As
was discussed, the mode 1 disturbancesare symmetric with respect
to the wake center, where the velocity defect is the maximum, and
mode 2 represents antisymmetric disturbances. Figure 8 shows the
variations of the spatial growth rates of modes 1 and 2 with wake
height & and velocity defect a. The Reynolds number is 998 and
o =0.1122. The growth rates for modes 1 and 2 are both seen to
decrease as h decreases. This appears true for the different value of
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the velocity defect selected, from 0.2 to 0.8, with more prominent
decreases for the high-defect cases. Note that the boundary-layer
mode, as shown in Fig. 7, becomes more unstable as the wake is
placed closer to the wall. Therefore, the reduced distance between
the wall and the wake has an amplifyingeffecton the boundary-layer
mode, but a damping effect on the wake modes. A composite view
of the growth rates of the various modes, as a function of @ and A,
is given in Fig. 9. For a range of values of a, the wake modes are
more unstable than the boundary-layermode at all wake heights. The
wake modes become less unstable than the boundary-layermode for
cases where wakes with small velocity defects are placed close to
the wall, that is, cases with low values of a and h. For cases with
higher values of a, for example, 0.6 and 0.8, the spatial growth rates
of the wake modes remain higher than that of the boundary-layer
mode even at the lowest wake height.

Figures 8 and 9 suggest that for low velocity defect, mode 1 is
more unstable than the antisymmetric mode 2 for all of the wake
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heights. The trend is then reversed when the velocity defect in-
creases. In Fig. 10, the effects of the wake velocity defect on the
growth rate of modes 1 and 2 are shown for & =20. The growth
rate of mode 1 is higher than that of mode 2 for the low values of a
and increases nearly linearly with a. The growth rate of mode 2 is
smaller than that of mode 1 for the lower a but increases rapidly as
the value of a increases. Mode 2 becomes more unstable than mode
1 for a higher than about 0.5. In other words, there is a switching of
the relative level of the spatial growth rate between modes 1 and 2
based on the present confluent wake/boundary-layermodel. Calcu-
lations using the measured velocity profile® in the very near-wake
region where the velocity defectis high also show a similar unstable
mode switching behavior between the symmetric and the antisym-
metric modes. These results seem to indicate that the antisymmetric
mode, which generates puffing disturbances,can be observed in the
near wake immediately downstream of the wake-generating body.

The unstable frequency spectra for modes 1 and 2 are examined
and shown in Fig. 11 for Re* =998 and for a =0.4, 0.6, and 0.8.
The unstable mode switching appears to have occurred only at a
low-frequency range for a =0.6 and 0.8. The frequencies for the
most unstable waves for both modes 1 and 2 decrease slightly as a
increases. The growth rate for the most unstable mode 1 is higher
than that of mode 2 for all of the a values tested.

Figure 12 shows the real part of the eigenfunctions of modes 1
and 2 for Re* =998, v =0.1122 and a =0.4. The eigenfunctions
have been normalized by their respective highest amplitudes. It is
apparent that the shapes of the eigenfunctions of the wake modes
are not strongly dependent on the wake height.

IV. Conclusions

A linear spatial viscous instability analysis for incompressible
confluent wake/boundary-layer flows has been performed. The
global numerical solution tool is validated by comparisons with
available data. Two types of discrete unstable modes are identi-
fied, which are rooted, respectively, to the boundary layer and the
wake parts of the flow model. It is found that the critical Reynolds
number associated with the boundary-layermode is reduced by the
presence of the wake. The presence of the wake above the boundary
layer appears to have an amplifying effect on the growth rate of the
boundary-layermode. It is also shown that such an amplifyingeffect
intensifies with an increase of the wake velocity defect. The mode
shape of the boundary-layer mode also seems to diminish above
the wake, indicating that the wake has a confining influence on the
disturbances associated with the boundary-layermode. The results
suggestthat the wake may play animportantrole in the growth of the
linear disturbances and the initiation of transition in the boundary
layer. The unstable modes associated with the wake are stabilized
by the reduced wake height. An unstable mode switching of the
symmetric and the antisymmetric modes is found to occur for low-
frequency wake modes for cases with high-velocitydefects,indicat-
ing a possible appearance of an antisymmetric puffing disturbance
immediately downstream of the wake-generating body.
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